A hyperbolic manifold is a Riemannian manifold of constant sectional curvature -1. Work by Jorgensen and Thurston [15] says that the volumes of complete hyperbolic 3-manifolds form a well-ordered subset of R of order type 0"'. For n 2 4, Wang's theorem Cl63 implies that the volumes of hyperbolic n-dimensional manifolds form a discrete subset of R. Moreover, for each dimension n 2 3 the number of the isometry classes of manifolds with the same volume is finite.
INTRODUCTION
A hyperbolic manifold is a Riemannian manifold of constant sectional curvature -1. Work by Jorgensen and Thurston [15] says that the volumes of complete hyperbolic 3-manifolds form a well-ordered subset of R of order type 0"'. For n 2 4, Wang's theorem Cl63 implies that the volumes of hyperbolic n-dimensional manifolds form a discrete subset of R. Moreover, for each dimension n 2 3 the number of the isometry classes of manifolds with the same volume is finite.
The facts above ensure the existence of the minimal volumes of certain classes of hyperbolic manifolds. For instance see [l, 3, 7, 11, 121 for previous results.
In this paper we focus on complete hyperbolic n-dimensional (n 2 3) manifolds of finite volume with non-empty totally geodesic boundary. Such a manifold N has double DN along its boundary 8N, so that DN is a complete hyperbolic n-manifold with finite volume and that dN is totally geodesic in DN. If 8N is totally geodesic, it is a hyperbolic (n -l)-manifold with the induced metric, and therefore the (n -l)-dimensional volume of 8N is defined. We will first be concerned with estimating the ratio of the n-dimensional volume of M to the (n -1)-dimensional volume of its boundary. We will then apply these estimates to minimal volume problems. To estimate this ratio we introduce the notion of hypersphere packing. A hyperball of radius r 2 0 will mean the r-collar neighborhood of a hyperplane in the halfspace of the hyperbolic n-space H" bounded this hyperplane. Hyperballs have similar properties to that of balls and horoballs, and a hypersphere packing is defined in the same manner as sphere packing. There is a well-known theorem on sphere packing by Biiriiczky [2] : Any sphere packing of radius r in an n-dimensional space of constant curvature has density at most that of n + 1 mutually touching balls in the regular n-simplex of edgelength 2r spanned by their centers.
In Sections 2 and 3 we prove its analogue: Zf a region in H" bounded by hyperplanes has a hypersphere packing of radius r about its boundary, then, in some sense, the ratio of its volume to the volume of its boundary is at least that of a regular truncated simplex of edgelength 2r.
The universal covering space fi of N is a region in H" bounded by hyperplanes. By applying our analogue of Borocsky's theorem to a hypersphere packing in k about afl of radius "zero", we obtain a lower bound of the ratio 001 N/v01 aN for all such manifolds N depending only on the dimension in Theorem 4.2. The existence of such lower bounds has been observed by Fukaya using the Margulis lemma (cf. [14] ). We will also see that the lower bound can be attained in the 3-and 4-dimensional cases, whose values are approximately 0.29156 and 0.43219, respectively. <* Deceased, correspondence to Professor Sadayoshi Kojima.
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This lower bound is used to prove a polyhedral characterization of the smallest complete hyperbolic 3-manifolds with totally geodesic boundary in Theorem 5.2, which was proved earlier by Kojima [lo] by an ad hoc method. These manifolds have a hyperbolic regular ideal octahedron as their building block, and share the volume approximately 3.6639. The octahedron also yields the Whitehead link complement.
Hence for instance, we can conclude that the Whitehead link complement is one of the smallest manifolds containing a complete, totally geodesic surface.
In the last section we will make more effective use of our lemma on hypersphere packing. The maximal radius of packings is half the minimal length of return paths in N, which are geodesic paths with endpoints on aN and orthogonal to aN at both the endpoints. For 3-manifolds whose boundary is a closed, totally geodesic surface of a fixed Euler characteristic, which describes its area, we can find a lower bound for the minimal length of its return paths. We will then have a hypersphere packing of non-zero radius, which will allow us to determine the smallest complete hyperbolic 3-manifolds whose boundary is closed, totally geodesic surface of the fixed Euler characteristic in Theorem 5.4.
TRUNCATED SIMPLICES
Consider a k-simplex in the projective model of H" some of whose vertices lie outside the sphere at infinity S",-1 whose any edge (or l-face) meets the compactification -H" = H" u S'& '. By truncating a neighborhood of each vertex outside S",-1 by its polar hyperplane, we obtain a hyperbolic polyhedron, which we call a truncated k-simplex. We sometimes call the truncating polar hyperplane a truncated vertex of the simplex (Fig. 1 ).
Notation. In this manner, we sometimes think of a hyperplane P as a point in this paper, and we use the following notations: -for p E H", pP denotes the perpendicular from p to P; for disjoint hyperplanes P and P' c H", PP' denotes the segment perpendicular to both P and P'; for a hyperplane or a point Q, the distance d(P, Q) denotes the length of PQ; and for PO, . . . , PJk I n) each of which is a hyperplane or a point, P,, ... Pk denotes the k-simplex with vertices PO, . . . , Pk, where Pi is truncated vertex if it is a hyperplane. We say that this k-simplex is spanned by P,,, . . , Pk.
In the figures, these hyperplanes are represented by points outside S",-'. Although the intersection of a truncated simplex with its truncating hyperplane is an (n -1)-dimensional polyhedron on the surface of the simplex, we do not call such an intersection a "face" of the truncated simplex. A truncated regular k-simplex (k I n) is obtained from the regular k-simplex centered at the origin of the projective model of H" with vertices outside Szl and with edges meeting H". We also call each one of the isometry class of such a truncated simplex regular. Thus, since a simplex is determined up to isometry by the mutual position of its vertices, a truncated simplex is regular if and only if its all vertices are truncated and its all edges have the same length. We denote a truncated regular k-simplex of edgelength / by Tk(/). It is also seen easily that a (truncated or non-truncated) simplex is determined by the dihedral angles at its (n -2)-faces. We let T, denote a truncated regular 3-simplex of dihedral angle 6. There is an expression for the volume of T0 (see Lemma 2.1 of [ll] 
Proof
We construct a one-parameter family {T(t)}0 C f 6 1 of ideal and truncated simplices with dihedral angles varying continuously, such that T(0) is an ideal regular 3-simplex; for 0 < t I l/2, T(t) is an ideal 4-simplex with ideal vertices so(t), . . . , a,(t) such that aO(0) = al(O); and (T(t)} I,z <f S 1 consists of truncated 4-simplices joining the ideal simplex T(1/2) and the truncated simplex T(1) = T.
A horosphere in H4 can be regarded as a Euclidean 3-space with the induced metric from H4. We take a sufficiently small horosphere centered at an ideal vertex ai of an ideal 4-simplex a0 . . . a4 so that the horosphere meets the simplex in only the faces passing through ai. In this Euclidean metric on the horosphere, ai is at infinity, and there is a Euclidean tetrahedron spanned by the intersections of the horosphere with the lines aiaj (j # i).
Therefore, for very small t the intersection of T(t) with a small horosphere about the vertex ai is: a nearly flattened tetrahedron ( Fig. 2(a) ) for i = 2, 3,4; and a stretched tetrahedron ( Fig. 2(b) ) for i = 0, 1. On the other hand, the dihedral angle at a 2-face of the 4-simplex appears as the dihedral angles at three l-faces of the Euclidean tetrahedra in the horospheres about the ideal vertices. Hence T(0) has one 2-face of angle 0, three (degenerate) 2-faces of angle 7~13, and six 2-faces of angle x/2.
Throughout the family {T(t)} 0 <f < 1, each 2-face is either an ideal triangle or a right- 
ORTHOSCHEMES
Let 0 be a hyperplane in H", and let U be a subset of H" with finite volume. We denote
the ratio of the volume of U to the (n -1)-dimensional volume of 0 in U.
The following is an analogue of Biiriiczky's lemma on the density of a ball in orthoschemes. We state it in terms of the ratio p, instead of the density of a ball in an orthoscheme. We will prove this lemma only for the case n = 3. One can prove it for higher dimensions by induction on n as in [2] .
There are two expressions for ~(0, A) as follows. Let us denote by R(X, Y) the body of revolution obtained by rotating X about Y.
(1) Let b(t) E ala2 be parameterized by t = uol(Aa,b(t)a3 n A). Then
Here, we definef(t) = p(R(Ab(t)u,, &),A), so that
(2) Let c(t) E u2u3 be parameterized by t = uol (Au, u2c(t) n A). Then where
We define g(t) = p(R(Au,c(t), Au,), A)
, and we obtain the second expression,
LEMMA 2.2. f(t) and g(t) are both strictly increasing. Proof First we show that g(t) is strictly increasing. If 0 5 t < t' I uol(U n A), then R(AUi c(t'), A&) = R(Ac.q c(t), AUl) u R(Ac(t)c(t'), Aal).
On the other hand (see Fig. 5 ),
Therefore, we have
Hence g(t) is strictly increasing. In order to show that f(t) is strictly increasing, suppose that 0 I t < t' I vol( 0 n A). Then observe that since ulb(t) c ulb(t') and Aullulb(t') (see Fig. 3 
). Thus, if we lay the truncated triangles Ab(t and Ab(t')u3 on the same plane so that b(t) and b(t') both lie on the same side of Au3, then there exists a point p where Ab(t') and b(t)u, meet as illustrated in Fig. 6 . Therefore, we have
On the other hand, These imply that
and hence f(t) is strictly increasing. 0
Now we return to the proof of Lemma 2.1. Suppose that 0 = Aa,a2a, and 0' = Mia;a; be two orthoschemes with d(A, ai) I d(A, a:) for i = 1,2,3.
Proof to Lemma 2.1. We construct a sequence 0 = O", . . . , Co3 of orthoschemes in the following way: TO show that A&A) = /$@',A) I e.. I p( 03, A) = p( U', A), it is sufficient to consider for k = 1,2,3 the case when 0 = Aala2a3 and 0' = Aa;a;a; are orthoschemes with ci = aj(i # k) and 44 4 < 4% a;).
In the case k = 1, let br be the point where Aa; and ala2 meet (see Fig. 7 ). Since AbIa2a3 c 0' and Abla2a3 n A = Co'n A, we have On the other hand, express p(Aa,b,a,, A) as an integral off(t), and use the mean value theorem for the integrals of the increasing functionf(t) to have Hence we have p( 0, A) < p( Co', A) (Fig 9) . Suppose that mutually touching hyperballs So, S,, . . . , S, of radius r 2 0 about (disjoint) OO,O1,. . , 0, are packed in the region H bounded by UOi. Then the Oi span a truncated regular n-simplex T"(2r) of edgelength 2r. Let mk denote the center of the k-face 
have r = h,(r) < h*(r) < ... < h,(r) < h(r). T"(2r) is decomposed
by barycentric subdivision into orthoschemes which are all congruent to P(r) = Oom, ,.. m,. We define a function p. by p,(r) = p(O"(r), 00) = P( TVr), Ul=OOi). 
. , k, and the equality holds for every i only if the Si touch each other (on the sphere at infinity if r = 0). Here, k must be less than or equal to n.
Proof Let Sk-' denote the space of unit tangent vectors at m = m(Oo, . . . , 0,) with the (k -1)-dimensional spherical metric. Let Xi be the point of Sk-' which is tangent to the directed line G$.
Since the xi are k + 1 points on the (k -1)-dimensional sphere Sk-r, the minimum distance between them is at most arccos (-l/k) with equality if and only if the xi span a regular k-simplex. It follows that there are j, j' such that the spherical distance between Xj and Xl* is I arccos (-l/k). with the remark following its proof, the assertion of the lemma follows. q
VOLUME RATIOS
Let N be a hyperbolic n-manifold with totally geodesic boundary. A return path of N is a geodesic segment in N with terminal points on aN and perpendicular to i3N at both the terminal points. We have volume estimates of manifolds in terms of the volume of their boundary and lengths of its return paths. The equality in the above equation holds if and only if any n + 1 hyperballs about components of 813 determining a vertex in Int fi touch each other. This condition is equivalent to saying that K is decomposed into truncated regular simplices of edgelength e each of which is spanned by such n + 1 components of 8N. Since this decomposition is invariant under the action of the covering transformations, it is projected to a decomposition of N by truncated regular simplices of edgelength 8. 0
We have an immediate corollary to this lemma by considering the worst case when / = 0. We denote by T"( cc ) an ideal regular n-simplex, regarding it as a truncated simplex with infinitely long edges. By definition, p.(O) is the ratio of the volume of T"(0) to the volume of its intersection with its truncating hyperplanes. From the construction of a truncated simplex, the intersection of T"(O) with each of its truncating hyperplanes is an ideal regular (n -1)-simplex, which is spanned by the points at infinity where the truncating hyperplanes touch in pairs. Since T"(0) has n + 1 such intersections, we are done. cl
We will find in the next section 3-manifolds which attain the lower bound given by this theorem. For general dimensions, the sharpness of the lower bound is described by the following proposition. Proof From the construction of a truncated simplex, each l-face of T"(O) is degenerate to a point at infinity where two truncating hyperplanes touch one another. Let x be such a point at infinity. Take a horosphere S, centered at x sufficiently small so that S, meets 7'"(O) only in the faces passing through x.
Regarding S, as the Euclidean (n -1)-space E"-' with induced metric from H", we can see that T"(O) n S, is a Euclidean polyhedron P = A"-* x I, where A'-* is a Euclidean regular (n -2)-simplex in a horizontal subspace En-* and I is a vertical interval. Each (n -2)-face An-* c A"-* x 131 c 8P is the intersection of S, n T"(0) with a truncating hyperplane passing through x. Each (n -2)-face Anm3 x I c aA"-* x I c aP is the intersection of S, with an (n -l)-face of T"(O). Hence the dihedral angle at an (n -2)-face of T"(O) appears as the dihedral angle at an (n -3)-face Anm4 x I c a(A"-3 x I). This angle is the dihedral angle of the regular Euclidean (n -2)-simplex, or arccos l/(n -2). 0
Proof of Proposition 4.3. Since the dihedral angles of T4(0) are x/3 by the previous lemma, T4(0) tessellates a subspace H c H4 bounded by disjoint hyperplanes by reflections in its faces. By Selberg's lemma, we can find a torsion-free subgroup G of finite index in the group generated by the reflections in the faces of r4(0). Hence the 4-manifold H/G is decomposed into finitely many T4(0) and hence it attains the lower bound ~~(0).
For general n, if an n-manifold N has the ratio attaining the lower bound p,(O), Theorem 4.2 says that the universal covering space of N must be tessellated by m(O). However, this is impossible for n 2 5, since the dihedral angle of T"(O) at its (n -2)-face is not of the form 27c/q for any integer q by Lemma 4.4. 0
We can compute the value of ~~ (0) 
MINIMAL VOLUMES OF 3MANIFOLDS
In 3-dimensional case, there is an easy construction of manifolds which attain the lower bound given by Theorem 4.2.
Example 5.1. We construct a complete hyperbolic 3-manifold with totally geodesic boundary from a single T3(0) = T,, by gluing its faces in pairs. Note that such a manifold has no edge in its interior, and no cone singularity can occur. Each manifold so constructed has boundary of area 4x, since To has four ideal triangles on its truncating hyperplanes. To is a hyperbolic ideal regular octahedron of right dihedral angle, which is known as a building block of the Whitehead link complement in the 3-sphere (see [15] ), and hence the resulting manifolds have the same volume as the Whitehead link complement.
The manifold in this example have minimum volume by the following theorem, which was proved earlier by Kojima [lo] by an ad hoc method. As a consequence, the Whitehead link complement will be one of the complete hyperbolic 3-manifolds of least volume that contains a complete totally geodesic surface. It is now clear that the smallest complete hyperbolic 3-manifolds with totally geodesic boundary of fixed area or Euler characteristic are exactly the ones that can be decomposed into a number of T,'s, the number of which is equal to areaa/4n = -x(8)/2.
To apply Lemma 4.1 effectively we claim the following lemma, which gives a lower bound for the lengths of return paths of N in terms of x(aN), or equivalently in terms of area aN. (Notice that g coincides with the total genus of aN when aN is orientable.) Proof: Since a return path is determined by its terminal points and dN is closed, there is a shortest return path. We denote it by II and its length by /. Let I1 and If, be distinct lifts of ;1 to the universal covering space fl of N which touch a common component P of afi. Let F be the common perpendicular between the components Pi and P2 of afl different from P which x1 and & touch, respectively. Then &, x2 and 2 become the edges of the truncated 2-simplex in H3 spanned by P, PI, Pz. Since a truncated 2-simplex is a hyperbolic rightangled hexagon, we apply the right-angled hexagon rule (see [4] ). Then, since 8' 2 /, the distance d12 between I1 and & on P is related to L and the length /' of k by coshd,, = cosh'e + coshL cash 8
sinh'e 2 cash/ -1'
Since this inequality holds for any such lifts I1 and x2, two disks of radius r = farccosh cash //(cash L -1) centered at the terminal points of A are packed in aN.
From Biiriiczky's theorem [2] applied to this circle packing, it follows that the density of this packing cannot exceed the density of mutually touching three disks of radius r in the equilateral triangle spanned by their centers. In other words, if 0 denotes the angle of the equilateral triangle of edgelength 2r, whose area is rc -39, then since the areas of aN and a disk of radius r are 4rr(g -1) and Zrr(cosh r -l), respectively, we have so that all the edges of the tetrahedron are identified in N,. Take a g-fold branched covering N, of Ni branched at the edge in N,. N, has a decomposition into g tetrahedra with all their edges identified with the branching locus, and its boundary is a closed surface of Euler characteristic -2(g -1). By replacing each tetrahedron by TniSs, we obtain a hyperbolic 3-manifold whose boundary is a totally geodesic, connected, closed surface of Euler characteristic -2(q -1) which is decomposed into g truncated simplices of dihedral angle rc/3g.
If q is even, N, is orientable and c?N, is a closed surface of genus q, and otherwise N, and aN, are non-orientable.
However, the orientability of the smallest manifolds is not limited in general. In fact, Fujii constructed examples of orientable manifolds from g TK,3s's for all values of g in his master thesis [6] . 
